1. Introduction.-When BenioffI announced in 1954 that he had observed an oscillation of 57 minutes on the seismogram of the Kamchatka earthquake of 1952 and suggested that it might be the free oscillation of the earth, there was no valid objection that could be leveled against those theoreticians who chose to adopt a wait-and-see attitude. This isolated observation, made for the first time after a century of seismometry, did not seem a sufficiently compelling reason for undertaking the cumbersome task of solving the system of coupled elastic and gravitational equations which govern the free oscillations of the earth, especially if the latter is to be represented by a realistic model based on empirical geophysical data. The methods used in earlier calculations by Love2 for a homogeneous model and by Hoskins' for an analytically represented model were clearly no match for the detailed information we now possess on the internal constitution of the earth as derived, primarily, from seismic data.
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One relatively simple aspect of the problem, the purely radial oscillations and the torsional oscillations, was readily disposed of,4-9 since in these modes the general sixth-order differential system reduces to a second-order ordinary differential equation. The simplification arises from the direct dependence of the gravitational perturbation on the displacement in the case of radial oscillations, and from the disappearance of gravitational effects altogether in the torsional oscillations. Before tackling the problem of spheroidal oscillations in its entirety, another dodge was attempted, namely, the use of the variational method.4' 10, 11 Fortunately for the future progress of the subject, even the variational method proved to be extremely laborious when the complexities of the empirically determined constitution of the earth, as well as the effect of gravitational forces, were taken into account.
The final formulation of the problem of spheroidal oscillations was given9 in terms of a system of six simultaneous first-order differential equations. This system is particularly suited for integration on an electronic computer by the RungeKutta method, and it was chosen so as to avoid the need for differentiating explicitly the empirically determined elastic constants X(r) and MA(r), and the density p(r). The period of free oscillation in the basic spheroidal n = 2 mode came out around 53.5 minutes for several models,9 agreeing within the experimental error with Benioff's observed value of 57 minutes.
As the years passed and no further registrations of the earth's free oscillations were reported, doubts began to arise as to the reality of the original observation in the Kamchatka earthquake of 1952, especially since the experimental techniques were continually improving. These improvements at the hands of Benioff, Ewing, and Press2'-4 have extended the observed spectrum of surface waves in seismograms up to periods of 10 minutes. The amplitude of a progressive wave of such a long period penetrates down to the center of the earth, and its analysis can be given directly by the theory of free oscillations. It is with this application to progressive In the range 2 < n < 8, the theoretical values for the two models differ by no more than the deviation of the seismic from the gravimetric observed values, which is less than one per cent. The same is true for n > 22. In the range 8 < n < 22, on the other hand, the observed values are in distinctly better agreement with the Gutenberg than with the Bullen B values. The two sets of theoretical torsional periods and the observed seismic values shown in Table 4 are in mutual agreement and the gravimetric records of the Chilean earthquake of May, 1960, and it was then suggested"8 that this splitting is due to the rotation of the earth. The conjecture was made on the basis of the known classical result19 that, in the case of a rotating circular basin, the waves advancing relative to the water in the direction of rotation have a longer period than the waves moving in the opposite direction. In order to obtain a qualitative check on this hypothesis, it will be instructive to ascertain the magnitude of the frequency split due to a slow rotation of a circular basin and by analogy to infer the order of magnitude of the frequency split that the rotation of the earth could be expected to introduce. Following Lamb,"9 let w denote the angular rotation of the basin, a its radius, and h its depth. With reference to a cylindrical system of coordinates (r,O) rotating with the basin, the elevation of the free surface t is represented by = AJ8(kr)ei(at + 89)
(1) The periods of free oscillation are given by
where
For positive values of o-and w, a wave advancing relative to the water in the direction of rotation has a negative value of s, and a wave advancing in the opposite direction has a positive value of s. It is clear from equation (2) that the roots x are different in the two cases, and therefore the frequencies given by (3) will be different in magnitude for the two types of waves. Let
where a is of the first order in the small quantity w/co. Then, Js(xo) = 0, co = (xo/a)Vh, (5) and, on making use of the differential equation obeyed by the Bessel function J,(x), we get 2swx6 qo(xo2 -s2) (6) To the first order in col/ we thus obtain from (3) af -TOslo = r(o,
where 2s (xo2 -S2) (8) The values of r for s = 2 and s = 3 are rather close, being 0.75 and 0.69 respectively. With co and co positive, the frequency o-of the wave advancing in the direction of rotation is negative, and is given by a1 = goS + r+w, (9) while the frequency a, of the wave traveling in the opposite direction is
a2--1 = 2r+ w. (11) Here r+ denotes the value of T for positive s. Since T does not depend on the physical parameters of the system, which could enter through the nondimensional quantity (3 = 4C2a2/gh, we shall test whether the observed splitting of the frequencies of the free oscillations of the earth agree in order of magnitude with relation (11) if we substitute there for co the value 7.27 X 10-sec-' of the angular rotation of the earth. In Table 6 are shown values of (a-2 )/w for n = 2 and n = 3, where a2 and adenote the doublets of frequency of the free oscillations observed seismically and gravimetrically, as given in Table 3 .
The observed values of the relative frequency splitting (a-, -a-2)/w agree within a factor of 2 with the relative frequency splitting 2T of a circular basin rotating about an axis normal to its surface. Actually, in the case of the earth, the component of angular velocity normal to the surface varies from the full value co at the pole to 0 at the equator, so that an effective angular velocity equal to about w/2 is not unreasonable. The order-of-magnitude argument presented here, based on the analogy with the rotating circular basin, seems, therefore, to support the hypothesis about the rotational origin of the observed frequency splitting of the free oscillations of the earth. It would be of interest to make a more accurate determination of the frequency splitting from the records and to study the present discrepancy between the gravimetric and seismic observations of the splitting at n = 2. A theoretical study of the rotational splitting of the free oscillations of the earth is under way. 4 . Summary.-The theoretical values of the periods of free oscillation of the earth, in both the spheroidal and torsional modes, are compared with the experimental values derived by Benioff, Press, and Smith from the seismograms (52 periods) and by Ness, Harrison, and Slichter from the gravimetric records (49 periods) of the Chilean earthquake of May, 1960. Two models of the earth are considered: model "Bullen B" and the "Gutenberg" model, the latter being characterized by the occurrence of a low-velocity layer at a depth of about 150 km. The periods deduced from power-spectra analyses of the seismic and gravimetric records are in mutual agreement to within one per cent. The theoretical periods of spheroidal oscillations for the Gutenberg model agree with the observed values to within one per cent, and this is true also for model Bullen B at periods less than 5 minutes. In the period range of 5 to 11 minutes, the observed values are systematically lower by about 2 per cent than the Bullen B values, thus favoring the Gutenberg model.
As expected on theoretical grounds, no torsional oscillations were found in the spectrum of the gravimetric records. The torsional oscillations recorded on the
